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ABSTRACT. The notion of kth approximate Peano differentiation not
only generalizes kth ordinary differentiation but also kth Peano differentiation
and kth Lp differentiation. Recently, M. Evans has shown that a kth approximate
Peano derivative at least shares with these other derivatives the property of
belonging to Baire class one. In this paper the author extends the properties
possessed by a kth approximate Peano derivative by showing that it is like the
above derivatives in that it also possesses the following properties: Darboux,
Denjoy, Zahorski, and a new property stronger than the Zahorski property,
Property Z.

1. Introduction. Let k be a positive integer. Let f be a real-valued, mea-
surable function defined on the closed interval I = [4, b] and let x € I. If there
are numbers f(l)(x), f2)®), - - ., f(x)(x) and a measurable set E having 0 as a
point of density so that

[+ ) =f0)+hf ) +...+ (h"/k!)f(k)(x) + o(r*)

ash— 0,h €F and x + h €, then the number f;,(x) is called the kth ap-
proximate Peano derivative of f at x. We will find it convenient to write
f(0y®) = f(x). It is easily seen from the definition that if f(ey(x) exists then so
does f,,)(x) for 0 <n <k. Also, fay™x) = f;p(x), the approximate derivative.
The notion of kth approximate Peano differentiation not only generalizes kth
ordinary differentiation but also kth Peano differentiation and kth L, differ-
entiation. For definitions of the latter two types of derivatives see [2].
Recently, Evans [2] proved that if f(k) is defined on I then f(k) is in the
first class of Baire (a pointwise limit of continuous functions). The purpose of
this paper is to show that £, also has the following properties: (1) Darboux,
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(2) Denjoy, (3) Zahorski, and (4) Property Z. That an ordinary derivative, ap-
proximate derivative, kth Peano derivative and kth Lp derivative are in the first
class of Baire and possess the above four properties, we refer the reader to [1]—
[4], [6]-[11].

We begin in §2 by defining the four properties stated above and by giving
notation and terminology which will be used throughout this paper. In §3, a
density lemma is proved which plays a key role in §4 where the following ma-
jor result is proved. If f,, is defined on I and if f, is bounded above or be-
low on I then ), the ordinary kth derivative of f, exists and f*) = fey on
I. Properties 1 and 2 are shown to hold for £, in §5 by using known theorems
together with the major result. In §6, the final section, a lemma is proved from
which property 4 is shown to hold for f(k). Again from a known theorem,
property 3 is shown to follow from property 4 for f(4.

2. Notation, terminology and definitions. All of the functions in this
paper are assumed to be real-valued, measurable functions defined on the closed
interval I = [a, b] unless specified otherwise. R will denote the real numbers
and if E C R is a measurable set then we denote the measure of E by either
m(E) or |[E|. The notation E-lim,,_,, denotes lim,_,, ,eg. For convenience we
now define the four properties stated in the introduction.

Let g be a function defined on I.

1. g possesses the Darboux property if g maps connected sets of I into
connected sets.

2. g satisfies the Denjoy property if, for every open interval (c, d),

& 1((c, d)) either is empty or has positive measure.

3. g has the Zahorski property if the following condition is fulfilled: If
¢ <d, x €g~((c, d)), and if {I,,} is a sequence of closed intervals of I not con-
taining x so that I, — x and m(,, N g~ '((c, d))) = O for all n, then

lim ) __ g
nee distGx, 1)

The notation I,, — X means that every neighborhood of x contains all
but finitely many of the I, ’s.

4. g is said to have Property Z if the following condition is satisfied: If
for each € > 0 and each sequence {/,,} of closed intervals of I such that I, — x
and g(») = g(x) on I, or g(y) < g(x) on I,, for each n, then

L €L, B0) — @I > e}
e m(l,) + dist(x, 1) -
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Let E C R be a measurable set and let x € R. Define
m(E N [x —h, x+h])

d(x, E) =lim
h—0

. mEN[x,x+h])
d+(x1 E) _hlng+ h ]

and d_(x, E) in the obvious fashion. If d(x, E)=1 (0) then x is called a point
of density (dispersion) of E. If d.(x, E)=1 (0) then x is called a point of
right-hand density (dispersion) of E; if d_(x, E) =1 (0) then x is said to be a
point of left-hand density (dispersion) of E.

The following simple observations, which will be used later, are now noted.
Ifd,(0,E)=d, (0,F)=0 (1) thend (0, ENF)=0 (1) andd (0,E) =1
(0), where E€ is the complement of E.

REMARK. If x =a (x = b) in the definition of a kth approximate Peano
derivative then the expression “there exists a measurable set E having 0 as a
point of density” is understood to mean that E C [0, %) (E C (—o0, 0]) and 0
is a point of right-hand (left-hand) density of E.

3. A density lemma. If E C R and A € R then we define AE =
{Ae: e EE} . Before proceeding to the density lemma we need

LEMMA 3.1. Let E C R be a set of finite measure and let ¢ > 0. Then
there exists a & > 0 such that |\E — E| < €, whenever |1 — \| <6.

ProoF. If |[E| =0 or if E is a finite union of intervals then the lemma is
easily verified. Thus, assume E is a set of finite measure and let G be an open set
such that E C G and |G — E| < €/3. Without loss of generality we may assume

G= U:=1I ,» & pairwise disjoint union of open intervals. Choose N > 0 so that

if H= U:=N+lln’ then |H| < €/6. Choose 0 < § < 1 so that [AF — F| < ¢/3,
whenever |1 — \| <&, where F=UY_ 1 . If |1 — \| <8, then

n=1"n
NE-—EI<SING-EISING-G|+I|G-E|<]A\G-F|+IG - E|
<|AWFUMNH) - F|+ |G- EI<|\NF-F|+\NH| + |G - E|
<e¢f3+2:€/6+¢€/3=c¢.

DENsITY LEMMA 32. Let d (0, E) = 1. Then there are numbers a,,, B,
such that 0< e, <a,,, <1<B,,,<B, (n=1,2,...),0, > 1,8, — 1

and
d, (o, N anE) =d, (o, N BnE> =1.
n=1 n=1
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PROOF. Set H = E®, then d (0, H) = 0. There are numbers 5, such that
1/k>8; > 8,y >0and |H N (0, 1| <t/k? for each t € (0, 25,) (k =1, 2,
...). Set F=HN(0,2). By Lemma 3.1 there are numbers a,,, 8, such that

nlin+ 1)<e, <a,, <1<B . <B <@+1)n

and
lanF— F| <8n/2", lﬁ,,F - F] <8n/2”
forn=1,2,.... Let € > 0; let k be an integer greater than 3/e and let 0 <&

< 8;. Choose j > k so that §;,, <h < ;. Since o,H N (0, h) =
a,(H N (0, h/a,)) and since h/a, <2k < 26; <2, we have

la, H 0 (0, )| = e, IH O (0, hfex,)] < hfj?

and
o HN ©0,hCea,F

for each n. As
) j oo
a HC (U anH) U( U (anH—H)) UH"
n=1 n=1 n=j+1

and (o, — H) N (0, h) C o, F — F, we get
* J
,(U a,ﬁ) n (, h)’ <Y la,HN(O,R)
n=1 n=1
+ f: le, F — F| + [HN (0, h)|
n=j+1

<jhl2+ X 8 /2" + h/j?
n=j+1

<hfj + h/2 + njj?
< 3h/j < 3h/k < eh.
Thus 4,0, U &,H) = 0. Since

(0 a”H)c ) ﬁ (a”H)c = ﬁ aan = ﬁ anE,
n=1 n=1 n=1 n=1
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d,(0,N-,,E) = 1. Similarly it can be proved that d (0, ,8,E) = 1.

4. The major theorem. In this section we deduce the fundamental result
stated in

THEOREM 4.1. Let f(,‘) be defined on L.
G If f( x) > 0on I, then f(k_l) is continuous and nondecreasing on I.
(ii) If f(y) is bounded above or below on I, then f;y = f ®) on 1.

The proof of this theorem will require some additional lemmas.

LEMMA 42. Let f(k) be defined on I = [a, b]. Assume f( 1)1 nondecreas-
ing on I, and if k > 2 furthermore assume fy(a) = f(3)@) = . . . = f_1)@ = 0.
Then (f( 1 ))(k— 1)(“) =1 (k)(a).

PrOOF. By subtracting from f a multiple of x, we may assume that f(l)(a)
= 0. By hypothesis there exists a measurable set F such that d (0, F) =1 and

1 _
4.3) 1;-1521 }7 {f@@ + h) — fa) — AK*} =0,

where 4 = f(k)(a)/k!.
By the Density Lemma there exist two sequences of positive real numbers
{e,} and {8,,} such that &, — 0, 8,, — 0 and

d, (o, Na- an)F) -d, (o, Aa+ ﬁm)F) -1
n=1

m=1

E=Fn [” a -an)p]n [ﬁ a +/3m)F],
n=1 m=1

then d (0, E) = 1. To complete the proof of the lemma we need only show

If we set

f(l)(a + h)
Ellim ———— = Ak
h—0 hk—l

Let € > 0 be given; choose n, m so that if « = &, /(1 — ) and 8=, /(1 + B,,)
then : :
1+a)f-
PRED S

_ _mk
<Ak +€ ag 41206

€
2 5 >Ak—2.

Set
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€ =min € e >
2[(1 + o) + 1] 2[(1 + B)* + 1]

By (4.3) there exists a 8’ > 0 such that |f(a + k) — f(@) — Ah*| < €'h* when-
ever 0<h<8§ ,hEF If0<u<v<d§ andu, v EF then

I[f@ + v) = fla + w)] — AQ* - u*)| < Q> +u).
Hence,

k_ Kk k4, k _ k_,k k4 Kk
AQ u)_e,(v +u)<f(a+v) f(a+u)<A(v u)_'_e,(v +u).
v—u v-u v—u v—u v—u

Since f(;) is nondecreasing on [q, b] and f(l) = f;p we have f(l) =f"on [a, b]
(see [3]) and hence

f@a+v)-fl@a+uw
V-

f(l)(a+u)< ”

<f(l)(a + v).

Thus, whenever 0 <u <v <8 and u, v EF,

W -u®) | +ub)
4.4) f(l)(a +u)<A — +¢€ —
and

N Cldad 70 JS Cl 270

) f(l)(a+v)> v-u v-u

Set 8 = min{8'/(1 + @), 8'(1 — )} and let # € E such that 0 <k < §. Since
h € (1 - a,)F, there exists a v € F such that & = (1 — a,v. Hence, v =
{1+ [e,/(1-0a)]}=(1+a)hand h <v<8§'. Thus from (4.4) we have

+h -
faya+h) <4 (K51 + a)f - K¥] re [h*Q + &)* + ¥
hk—l ah" ah"
(4.6) <A[(1 + o) —1]/a+ €1 + &F + 1]/

<Ak + €2+ €2 <Ak + €.

Moreover, since h € (1 + B, )F there exists a u € F such that h = (1 + 8, )u.
Hence,u = {1 - [B,,/(1 +B,,)1}h = (1 = B)1 and u <h < §'. Thus from (4.5)
it follows that

(Cx)) fo)@+ mH=t > Ak —e.
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Thus from (4.6) and (4.7) we have
If 1)@ + m)h =1 - Akl <e
whenever 0 <h <6 and h EE.

CoROLLARY 48. Let fy, be defined on I = [a, b]. Assume f,, is non-
decreasing on I, and if k = 2 furthermore assume f(z)(b) = f(3)(b) =...=
f(k_ 1 )(b) =0. Then (f(l ))(k— 1 )(b) = f(k)(b)-

ProOOF. Define a function g on [—b, —a] as follows:
g(x)=f(-x) for each x € [-b, —ad].

Then g, (x) exists for each x € [—b, —a] and g(,)(x) = (= 1)"f,,,(—x) for
n=0,1,...,k Itiseasy to verify that g, is nondecreasing on [-b, —d],
and that if k > 2,8.,)(—0) =g(3)(=b) = ... =g _1)(=b) = 0. The proof of
the corollary is now easily completed by applying Lemma 4.2.

COROLLARY 49. Let f(z) be defined on I. If f(l) is nondecreasing on I,
then (f(1))1y =fayon L

LEMMA 4.10. Suppose f has (k — 1) derivatives at the point x, then for
each sufficiently small nonzero h, there isa 0 < 0 < 1 such that

(k 2)

fx+h)- Z —f‘”’(X)

=f* "D (x + 0n) = fE*=2)(x) - onf *~1(x)
where f(O(x) = f(x).
PROOF. Let

4.11) g0 =fx+1)- 2 —f‘"’(x)

Then g is (k — 2) times differentiable around 0 and

(4.12) g0 =P+ 0 - kii:_l :ln—,f ¢ *D(x)

n=0

forj=0,1,...,( — 2). By the extended mean value theorem for each suf-
ficiently small & there exists a 0 < 8 < 1 so that

&) = 2 g‘">(0)+ ),g“‘"’(eh)
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where g(°)(0) =g(0). By (4.12) it follows that g/)(0)=0 forj=0,1,...,
(k — 3); hence

hk—2
(4.13) ) =G = 2)!g("—2)(0h).

Thus, by replacing the left-hand side of (4.11) by (4.13) we have

fee+n)- z f‘"’(x)—( )g"“”(eh)

If A # 0 then this last equation together with (4.12) yields

pre (AR T B poet = g-Dn)
n—O

_f(k 2)(x + Gh) Z K_L f(k+n—2)(x)

n=0
= f*=D(x + 0h) — f*2)(x) — Onf F=1)(x).

Before stating the next two lemmas, proofs of which can be found in the
papers of Verblunsky [8] and Zygmund [12] respectively, we need the follow-
ing definitions.

DEFINITION 4.14. A function f defined on an interval is said to be convex
if for every pair of points P;, P, on the curve y = f(x) the points of the arc
PP, are below, or on, the chord P,P,.

DEFINITION 4.15. Let f be a function defined in a neighborhood of x.
Then define

fx+hn)+fx—h)- 2f(x)
h2

D,f(x) = lir’?_’%up

Ezf(x) is called the upper symmetric second derivative of f at x.

REMARK. It can easily be shown that if f"(x) exists at x then D, f(x) =
f"(x). However, the upper symmetric second derivative may exist at a point
without the second derivative existing.

LEMMA 4.16. Let f have a finite derivative at each point of (a, b). Sup-
pose that for each x, € (a, b) there are, in every neighborhood of (%o, f(x0)),
points of the graph of f above the line y = f(x,) + f '(xo)(x —xg). Then fis
convex on (a, b).
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LEMMA 4.17. A necessary and sufficient condition for a continuous func-
tion f to be convex on (a, b) is that D,f(x) > 0 for each x in (a, b).

The following lemma is a special case of Lemma 2 in [2].

LEMMA 4.18. Suppose f(z) exists at a point x € (a, b). Then there exists
a measurable set E so that d(0, E) = 1 and

i TEE R + 16 = ) = 26)
h—0 h?

= f3)®).

CoROLLARY 4.19. Suppose f ;) exists on (a, b) and fi2y=0o0n (a, b).
Then D,f > 0 on (a, b).

In what follows we shall use without specific reference several well-known
results. We list these results here without proof.

Let g be a function defined on an interval J and let g have an ordinary
derivative g’ on J. If g is convex on J then g’ is nondecreasing on J.

Let g be a function defined on [e, b]. If g is nondecreasing on (¢, b) and
has the Darboux property on [z, b] then g is nondecreasing on [a, b].

Let g be a function defined on an interval J. If g is nondecreasing on J
and has the Darboux property on J, then g is continuous on J. ’

Let g be a function of Baire class one on [z, b]. Then every nonempty
closed set F, contained in [z, b], contains points of continuity of g relative to F.

Let g be a function defined on an interval J and assume g;p exists at each
point in J. Then the following are true (see [3]):

6)) g;p is a function of Baire class one on J,

(2) g, has the Darboux property on J,

(3) if g;,, is bounded above or below on J then 8yp =8 onJ.

LemMMA 4.20. Let f be a function satisfying the following two conditions
on [a, b]:

() fp exists for each x in [a, b];

(i) D,f=0o0n (a, b).
Then f;p is continuous and nondecreasing on [a, b].

PROOF. Let G be the set of all points x in [, b] with the property that
there is a neighborhood of x on which f;p is bounded. Then G is an open set.
Let (¢, d) C G; then a simple compactness argument shows f;p is bounded on
[¢’, d'], where ¢ <¢' <d' <d. Hence f;p =f"on [¢’, d']. Therefore it fol-
lows that f,, =f"on (c, d). Since f is continuous on (c, d) and D,f > 0 on
(c, d), f is convex on (c, d) by Lemma 4.17. Hence fa'p is nondecreasing on
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(¢, d). Moreover, since fa'p has the Darboux property on [c, d] it follows that
fa'p is continuous and nondecreasing on [c¢, d]. In particular, fa'p is continuous
and nondecreasing in the closure of each component of G.

To complete the proof of the lemma we show G = [a, b]. Let H = [a, b]
— G; then H is a closed set having no isolated points. Suppose H is nonempty.
Then H is a perfect set. Since fa'p is a function of Baire class one on [, b] there
exists an x, € H so that fﬂ'p is continuous at x,, relative to H. Hence there is
an M >0 and a § > 0 such that |f;,(x)| <M for each x € [x, - 8, x, +5] N
H. Set

c=min{x: x € [x, -8, x)] NH}, d=max{x:x€ [xqg, xo + 8] NH}.

Notice that since H is perfect, ¢, d € H and ¢ <d. If x € (¢, d) — H then there
exists a component of G, say (&, B), where a, B € H such that x € (&, ) C (c, d).
From the first part of the proof fa'p is nondecreasing on [a, 8]; hence

—M<S,@ <[, <L, B <M

Thus, for each x € (¢, d), lfa'p(x)l <M and so (c,d) CG.

Since x,, € H, x, & (c, d); so either x;, = ¢ or x5 =d. But if x5 =c then
(xo = 8, x4) C G and there exists a number M’ > 0, so that f;, is bounded by
M on [x, -8, x,]. In the last paragraph it was shown that fa'p was bounded
by M on (x,, d). So f,, is bounded by max{M, M’} on (xo — 8, d) and x, €G.
Similarly, it can be shown that if x, = d then x, € G. Thus, the assumption
that H # & is false. Therefore, H=¢& and G = [a, b].

PROOF OF THEOREM 4.1. Consider first the case k = 1. If f;; >0 on
[a, b] then f( n= f'on [a, b]. Thus, f(o) = f is continuous and nondecreasing
on [a, b]. Moreover, if £, is bounded either above or below on [a, b] then
again f(;,=f"on [a, b]. Thus, the theorem holds when k = 1.

Secondly, consider k = 2. By Corollary 4.19 and Lemma 4.20 the proof
of (i) is immediate. Turning to case (ii), there is no loss of generality to assume
f(2y>0on [a, b]. From (i) it follows that f,, is nondecreasing on [a, b];
hence f(;) = f "on [a, b]. By Corollary 4.9, (f ')(1) =f(2) on [a, b]. More-
over, by assumption (f");) > 0 on [a, b]; hence (f Yy=G)=f (), Thus,
f2) = on [q, b].

We may now assume that k > 2, and we can complete the proof by in-
duction. We therefore assume the following:

If f possesses a (k — 1)th approximate Peano derivative everywhere on an
interval [a, b], then for 1 <n <(k — 1):

@) iff,)>0on [, b], then f,, ) is continuous and nondecreasing
on [a, b];
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(i) if f(n) is bounded either above or below on [a, b], then f(n) = fn)
on [a, b].

Let k£ > 2 and assume f(; > 0 at each point in [q, b]. Let G be the set
of all points x of [a, b] with the property that there is a neighborhood of x on
which f(k_l) is bounded. Obviously G is open. Let (¢, d)CG. Ifc<a<p
<d, then a simple compactness argument shows f(k_ 1 is bounded on [a, §].
By (ii) of the induction hypothesis, f(k__l) =f(=1) on [, B] and therefore
f(k—2) =f(*=2) op [e, B]. Moreover, these relations hold on (¢, d). Thus,
f(k_l) =f('k__2) on (¢, d) and f(k-z) is continuous on (¢, d). If x € (¢, d)
then there exists a measurable set E such that 0 is a point of density of E and

k-1 A hk
fo = T o) + 7 @) + et )

where E-lim,_, ,€(x, h) = 0. From Lemma 4.10 for each sufficiently small
nonzero h € E there is a § between 0 and 1 such that

k= 2)! = n
P e +m- =

= f(k—2)(x + 0h) - f(k—2)(x) _ehf(k_l )(x)'

Hence
(& = DR D[S () + eCx, )]}

= f(k—2 )(x + Oh) - f(k—2)(x) - Ohf(k_l )(x)'
Thus

2
Fmay® + O8) = F_0) + Ohfy () + 2, @ + s )]
> f 0y + Ok )

for all sufficiently small nonzero h € E. Thus, it follows by Lemma 4.16 that
f(x—2) is convex on (c, d); hence f(x—1) is nondecreasing on (c, d). Choose A
between ¢ and d. Then f(; _ ) is bounded below on [\ d]. Applying (ii) of
the induction hypothesis to the function f(k_l) on the interval [A, d], it fol-
lows that f, 1y =f (=13 on [\, d]. Now since f(x—1) is nondecreasing on

(A, d) and has the Darboux property on [\, d] we have that f(k 1) is continu-
ous and nondecreasing on [A, d]. Similarly, since f(k_ 1) is bounded above on
[e. A], we deduce that f, _, is continuous and nondecreasing on [c, A]. Thus,
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it follows that f(k_l) is continuous and nondecreasing on [c, d]. In particular,
f(k—1) is nondecreasing and continuous in the closure of each component of G.

To complete the proof of (i) we show G = [a, b]. Let H = [a, b] - G.
From above H is a closed set having no isolated points. Since f(k—l) is a func-
tion of Baire class one on [a, b] (see [2]), the same type of argument given in
the proof of Lemma 4.20 shows H is empty. Hence G = [a, b] and the proof
of (i) is complete.

Consider, finally, (i) for ¥ > 2. It is no loss of generality to éuppose
that f(,) > 0 on [a, b]. By (i), f(x—1) is nondecreasing on [a, ] and by (ii)
of the induction hypothesis f(, _ ;) =f (=1) on [a, b]. Thus, it follows that
oy =f"on [a, b]. We shall prove that (f(l))(k_l) =fwyon [a, b]. It will
then follow by the induction hypothesis (ii) applied to f(1) that in [g, b],

Faoy = Gaage-1y = Cap® =D =1 ®.

It suffices to prove that in [e, b) the (k — 1)th approximate Peano deriva-
tive of f(l) on the right equals f(k). For, applying Corollary 4.8, it will follow
that in (a, b] the (k — 1)th approximate Peano derivative of f(1) on the left
equals f(k). Without altering f(k), by adding to f a suitable polynomial of de-
gree less than k, we may assume that f;,(a) =0 forj=2,3,...,(k - 1).
Note, since f*~1)(g) = 0 and f*~1) is nondecreasing on [a, b],f*~1) >0
on [a, b]. Now for each h, 0 < h < (b — a), there exists by the extended mean
value theorem a number £, @ < £ <a + h such that

h

k-3
P +m=g—3/ 1@

Hence f) > 0in (g, b). Thus, f(1) is nondecreasing on [2, b]. By Lemma 4.2,
(Fa) x-1)@ = f(xy(@). Since a may be replaced throughout by any a € [q, b)
the proof of the theorem is complete.

5. The Darboux and Denjoy properties. Neugebauer [S] pioed that if
g is a function of Baire class one on an interval J, then g has the Darboux
property on J if and only if for each real number A, the sets EM={x€J
g(x) = A} and E, = {x €J: g(x) < A} have closed components relative to J.
We thus have the following corollary t6 Theorem 4.1.

CoROLLARY 5.1. If f(k) is defined on [a, b] then f(k) has the Darboux
property on [a, b].

PROOF. Since £ is of Baire class one on [g, b] (see [2]), in order to
show f(k) has the Darboux property we need only show that the components
of the sets EM = {x: f(k)(x) = A}and E, = {x: f(k)(x) < A} are closed for each
real number X. So suppose f(k)(x) = A for all x in the interval (o, §). We must
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show that f,,(a) = A and fx)®B) = A. Since f (k) is bounded below on (a, B),
f(k) is bounded below on [a, f]. Thus by Theorem 4.1, f(k) =) on [a, B] .
Since £ *) has the Darboux property on [a, 8], f*)(@) = X and f*)(B) > A.
Hence, f;y(a) > X and also f(;(8) = . Thus, the components of E™ are closed.
Similarly, the components of E, are closed. Hence, f(; has the Darboux prop-
erty on [a, b].

In [9], Weil proved that a function g of Baire class one has the Denjoy
property on an interval J if, for every subinterval L of J on which g is bounded
either above or below, g restricted to L has the Denjoy property. Since an
ordinary kth derivative has the Denjoy property, we also have the following
corollary to Theorem 4.1.

CoROLLARY 5.1. If f(; is defined on [a, b], then f(xy has the Denjoy
property on [a, b].

6. Property Z. To prove that f(k) has Property Z we first need a lemma
which is a slight generalization of a lemma due to Weil [10].

LeEMMA 6.1. Suppose f is a function whose kth derivative exists and is
nonnegative on the interval [a, b], and let A = {x € [a, b]: f*¥)(x) > €} where
€ is a fixed positive number. Then there exists a partition {a =t, <t, <. ..
<t, = b} of the interval [a, b] with ] < 2% and such that for eachi=1,2, . ..
Iwithx,y € [t,_,, t;] and x <y

IFB) = FG)I = (elk)m(A N [x, y]))E.

ProoF. It will be shown by induction that for each integerj=1, 2, ...,
k, there is a partition of [a, b],
fa=ty, <t <...<t, . =b),

with I(7) < 2/ and such that for each i =1, 2, . . ., I(j) one of the following
holdsonf; ;= [t;_; » ;]
1G): f%*=D >0o0n 1;; and for each x, y € I;; withx <y,

D) = FEDx) > (eljmd O [x, Y1)
2G): f*-D<0on I, ; and for each x, y €1, ; with x <,

FEDE) = fEDx) > (im0 [, )Y
3G): f*-D <0 on 1,; and for each x, y €1, ; with x <y,

FEDE) = fEDE) = (eli)imA N [x, Y1)
4G): f*-D>0o0n I, ; and for each x, y €I, ; with x <y
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FED) = FEDE) > (elit)mA N [x, y]Y.
The desired partition is then the one corresponding to j = k and the desired
inequality is obtained by taking absolute values, where, of course f(®) =f.
If the conditions 1(j)—4(j) above are used in place of Weil’s conditions
1(G)—4G) in [10], then the reader may complete the proof by making the rather
obvious changes in Weil’s proof in [10].

THEOREM 6.2. If f has a kth approximate Peano derivative f( k) every-
where on |a, b] then [, has Property Z on |a, b].

PrROOF. Let x be contained in [z, b] and € > 0. It suffices to show that
if given an n > O there exists a & > 0 such that if the closed interval [a, ] is
contained in (x — 8, x +8) N [a, b], x € [a, B] and f(;\(¥) > f;(x) for each
Y € [a, ] or f(k)(y) < f(k)(x) for each y € [a, 8] then

m{y € [a, ﬁ] |f(k)(y) _f(k)(x)l =€} <
B~ +distx, [0, 6]) T
Let 7 > 0 be given and set

(6.3)

£0) = f0) - z pI AN

Then g(k)(y) exists for each y € [a, b] and furthermore
g(k)(y) = f(k)(y) - f(k)(x)'

From the existence of f(k), there exists a § > 0 and a measurable set £ C
[a, b] such that x is a point of density of E, and so that

2k(k+ l)

forly —x|<6andy €E,

(6.5) m(J NEYy<m()):n/2

for J an interval contained in (x — 8, x + 8) N [q, b] and x € J, where E€ =
[av b] -

Let [a, ] be a closed interval contained in (x — §, x + 8) N [a, b] such
that x € [a, B]. First assume that f(;,(y) > f(k)(x) for each y € [a, f]. By
Theorem 4.1, fy = f () on [a, 8]. Applying Lemma 6.1 to the function g,
which satisfies g®)(y) = Fey®) = Fy) for each y € [a, B, there exists a
partition of [a, 8], {a=1t, <t; <...<t, =B}, with I < 2¥ such that for
eachi=1,2,...,land eachs, w € [t;_,, t;] withs<w,
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(6.6) le(w) = g(s)] = (e/k!)(m(A4 N [s, w]))¥

where 4 = { € [a, 8]: 0| = fy0") — Fey)| = €} I £y 0) < Fy®)
for each y € [a, B], then consider — g and apply Lemma 6.1 to obtain precisely
the same inequality (6.6).

We first obtain an estimate for m(4 N E). For this purpose assume
tioy 1 NE+ @ Lett,_, <t;<t;<t with¢t, t; EE. Then by (6.6) and
(6.4)

m(4 0 [t 1) < (!fe) *1g(e}) - gl ¥

< (k!/e)l /k(|g(t;')|l x4 Ig(t;)ll/")

1/k . 1/k
k! "
() (s ) wroeesion

< (n/[2-2*])[dist(x, [o, B]) + (@ - B)]

< (/2D[dist(x, [a, B]) + (@ = B)].
If
s;=inf{t; 1, € [t,._l, ti] N E}
and
s; =sup{t;: ¢, € [t,.__l, ti] N E}
then it follows from the above inequality that

mANEN[t_,t])=mANEN[s, 5;])

< m(A N [S;., S;"]) < (ﬂ/zl)[diSt(X. [a’ B]) +@- a)] .

Clearly the same estimate holds if [¢;_,, t;] N E = &. Hence

m(4 N E) =m(A NEN (0 [ty tfl))
i=1

= 'Z mANENt,_, t])
©7) s
<X o Wi, [, B) + 6~ )]

<g [dist(x, [, B]) + (B — @)].

Secondly, we obtain an estimate of m(4 N E€). Let J be the smallest
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closed interval in [a, ] containing both x and [a, B]. Using (6.5) we have the
following estimate

m(4 N E®) <m(J NE) < (n/2)-m(J)
(6.8)
< (/2)[dist(x, [o, 8]) + B - )].

Therefore by (6.7) and (6.8)
m(Ad)=m(A NE) + m(4 N E€) < [dist(x, [a, f]) + B—a)] °n

and (6.3) holds. Thus, £ has Property Z on [, b] and the proof is complete.
Property Z was first introduced by Weil [10]. He further showed in the
same paper that if a function g has the Darboux property and Property Z then
g also has the Zahorski property. (An example of a function having the Dar-
boux property and the Zahorski property but not Property Z can be found in
[10].) Hence, in the class of functions having the Darboux property, Prop-
erty Z is strictly stronger than the Zahorski property.
Thus by Corollary 5.1 we have the following corollary to the last theorem.

COROLLARY 69. If (k) is defined on [a, b], then () has the Zahorski
property on [a, b].
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